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Polaritonic modes in two-dimensional van der Waals materials display short in-plane wavelengths
compared with light in free space. As interesting as this may look from both fundamental and applied
viewpoints, such large confinement is accompanied by poor in/out optical coupling, which severely
limits the application of polaritons in practical devices. Here, we quantify the coupling strength
between light and 2D polaritons in both homogeneous and anisotropic films using accurate rigorous
analytical methods. In particular, we obtain universal expressions for the cross sections associated
with photon-polariton coupling by point and line defects, as well as with polariton extinction and
scattering processes. Additionally, we find closed-form constraints that limit the maximum possible
values of these cross sections. Specifically, the maximum photon-to-plasmon conversion efficiency in
graphene is ∼ 10−6 and ∼ 10−4 for point and line scatterers sitting at its surface, respectively, when
the plasmon and photon energies are comparable in magnitude. We further show that resonant
particles placed at an optimum distance from the film can boost light-to-polariton coupling to order
unity. Our results bear fundamental interest for the development of 2D polaritonics and the design
of applications based on these excitations.
I. INTRODUCTION
The quest for optical excitations with increasing de-
gree of spatial confinement has been recently fueled by
the discovery of plasmons and other polaritonic modes
sustained by atomically-thin two-dimensional (2D) van
der Waals materials, such as graphene [1–7] and hexag-
onal boron nitride (hBN) [8]. These excitations display
in-plane wavelengths in the range of a few nanometers at
infrared frequencies, with a > 100-fold reduction in mode
wavelength relative to free-space radiation [9]. As a result
of such high confinement, 2D surface polaritons (SPs) en-
compass a large spatial concentration of electromagnetic
energy that becomes appealing for producing intense op-
tical nonlinearities [10–12] and strong interaction with
quantum emitters [13–16]. SPs further display high sen-
sitivity to the environment that becomes useful to opti-
cally detect and identify small amounts of organic [17, 18]
and inorganic analytes [19]. Additionally, because of the
comparatively small number of atoms involved in a 2D
nanostructure to support SPs, these excitations can be
efficiently tuned by means of external stimuli, such as
the potentials generated by electrical gates [2–4, 20], the
exposure to magnetic fields [21], and the introduction of
optical heating [9, 22, 23], therefore holding great poten-
tial for applications in broad areas of optoelectronics [24].
These means of control also enable the exploration of new
fundamental phenomena, which are further expanded by
effectively creating materials with new electronic and op-
tical properties through nanostructured gating [25] and
layer stacking [26, 27].
∗Electronic address: javier.garciadeabajo@nanophotonics.es
Despite the benefits of achieving a strong spatial con-
finement, the small wavelength of 2D SPs (λp) compared
to free-space light (λ0) implies a large in-plane momen-
tum mismatch between them that needs to be compen-
sated in order to enable the excitation of SPs through
external illumination. A common approach to overcome
this problem consists in using obstacles such as tips [28]
and patterned nanostructures [29] that scatter light to
produce induced evanescent fields with sufficient mo-
mentum to couple to propagating SP modes, effectively
breaking the photon-polariton wavelength mismatch. In
particular, point scatterers (e.g., molecules, defects, and
nanoparticles) are typically employed as basic elements
to mediate such coupling, and besides their potential for
the design of practical applications, they further provide
a simple reference to quantify light-polariton coupling.
Importantly, as we show below, point scatterers addi-
tionally permit us to formulate fundamental limits to the
efficiency of the coupling process.
In this article, we reveal important fundamental lim-
its to the coupling of light to 2D SPs assisted by scat-
terers such as point and line defects. We present our
results in the form of simple and rigorous analytical
expressions, delivering an exact quantitative measure
of photon-to/fom-polariton coupling and polariton-to-
polariton scattering. To that end, we first introduce a
universal characterization of 2D SPs and their associ-
ated optical fields in terms of a single parameter –the ra-
tio of their wavelength to the film thickness–, regardless
of the physical nature of the material’s response. This
allows us to determine the efficiency of different opti-
cal scattering channels involving incident light and po-
laritons, expressed in terms of universal light-polariton
coupling strengths and fundamental limits to the scat-
terer polarizability. In particular, we find the maximum
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2possible photon-to-polariton cross-section to be of the
order of λ3p/λ0 and λ2p/λ0 for point and line scatter-
ers, respectively. For graphene, the limits to in-coupling
are quantified by the maximum possible ratio between
the numbers of generated plasmons and incident photons
Nplasmon/Nphoton ∼ α3 and ∼ α2 for point and line scat-
terers, where α ≈ 1/137 is the fine structure constant.
Besides their fundamental interest, our results provide
useful tools for the design of optical devices involving
the in/out-coupling of propagating light and 2D SPs.
II. RESULTS AND DISCUSSION
We first study the scattering of incident light or inci-
dent SPs by a point scatterer sitting at the surface of a
thin film, as schematically sketched in Fig. 1a. In partic-
ular, we consider the components of the scattered field
that emerge from the scatterer as outgoing SPs. In what
follows, we neglect retardation under the assumption that
the SP modes are characterized by a large confinement
ratio λ0/λp (see below Appendix M). Then, the ratio
λp/d of SP wavelength to film thickness is only a function
of the permittivities of the materials inside and outside
the film, as illustrated in Fig. 1c for isotropic metallic
films. But first, before considering films of finite thick-
ness in more detail, we investigate the useful λp  d
limit.
A. Polaritons in Atomically Thin Layers
Many of the properties of SPs in atomically thin layers
(e.g, plasmons in graphene) can be accurately modeled in
the zero-thickness limit, in which the material response
is described via a frequency-dependent 2D conductivity
σ(ω). In general, for a film material of permittivity m
and thickness d, we can implicitly define a 2D conduc-
tivity σ through the relation m = 1 + 4piiσ/ωd. Figure
1c shows that this approximation (dashed curves) yields
an accurate prediction of the SP wavelength down to
λp & 10d, a condition commonly fulfilled in few-atomic-
layer films (d ∼nm) displaying SPs with λp above a few
tens of nanometers.
We thus focus first on a film of zero thickness charac-
terized by a 2D conductivity σ and placed in the z = 0
plane. The electric field associated with a SP propagat-
ing along the in-plane direction x then takes the form
Ep(r) = E0 [xˆ+ i sign{z}zˆ] ekp(ix−|z|), (1)
which clearly satisfies the Poisson equation ∇ · Ep = 0.
Incidentally, we consider monochromatic fields of fre-
quency ω with a temporal dependence given byEp(r, t) =
2Re
{
Ep(r)e−iωt
}
. This electric field describes oscilla-
tions along the film with wave vector kp, corresponding
to a SP wavelength λp = 2pi/Re{kp}, while it also im-
plies a decay in intensity by a factor 1/e at a distance
λp/(4pi) from the surface (Fig. 1b). The parallel field
component is continuous and symmetrically distributed
on both sides of the film, whereas the perpendicular com-
ponent is antisymmetric (Fig. 1b) and presents a jump
at the film plane z = 0 in order to fulfill the bound-
ary condition ∆(Ez) = 4piρind, where the induced sur-
face charge ρind is now determined from the induced sur-
face current jind = σEx through the continuity equation
ρind = (−i/ω)∂xjind; putting these expressions together,
we readily derive the dispersion relation
kp =
i¯ ω
2piσ , (2)
where ¯ = (1 + 2)/2 incorporates the effect of the di-
electric environment on either side of the film (Fig. 1b)
and we assume σ to be isotropic.
We remark that the use of the quasistatic limit is
well justified upon examination of the 2D conductivity of
atomic layers, which is generally described by the expres-
sion σ = i(e2/~)ωD/(ω + i/τ − ωg), where the frequency
ωD acts as a Drude weight (e.g., ωD = EF/(pi~) for
graphene doped to a Fermi energy EF, and ωD = ~nd/m∗
for a Drude metal of thickness d, carrier density n, and ef-
fective mass m∗); the gap frequency ωg is associated with
optical phonons or exitons but is zero in graphene and 2D
metals; and τ is a phenomenological relaxation time. In-
deed, upon insertion of this expression into the dispersion
relation (Eq. (2)), we find λp/λ0 = αX  1 for frequen-
cies ω that make X = (2pi/¯)ωD/(ω − ωg) of order unity.
In what follows, we further assume long relaxation time
τ , so that the SP propagation distance (for 1/e intensity
decay) Lp = 1/ (2Im{kp}) = (ω − ωg)τλp/(4pi) is large
compared with λp.
B. Polariton Coupling and Scattering
The above results can be readily extended to films of fi-
nite thickness d in the quasistatic limit (λp  λ0), where
d provides a natural length scale in the system, and in-
deed, we find that light coupling can be expressed in
terms of universal functions of the dimensionless ratio
λp/d, which is in turn determined by the permittivities
in the film and the surrounding media, as illustrated in
Fig. 1c for a metallic film. We concentrate here on SPs
with p polarization (e.g., plasmons), whose in-plane wave
vector kp is identified from a pole in the corresponding
Fresnel reflection coefficient,
rp ≈ Rp kp
k‖ − kp , (3)
where Rp is a dimensionless residue that is equally de-
termined by the dielectric response of the film and the
surrounding materials. Specifically, in the zero-thickness
limit, we have [9] Rp = 1/¯, while closed-form analyt-
ical expressions are equally obtained for homogeneous
isotropic and anisotropic films (see Table IIA and Ap-
pendix F).
3(a) (b)
(c) (d)
FIG. 1: Polaritons in 2D materials and scattering by point defects. (a) Schematic representation of the configurations under
study. We consider a point scatterer (black dots) sitting on a thin film of finite thickness d. The scatterer is illuminated
by either light or polaritonic waves (yellow), which produce an induced dipole that in turn gives rise to scattered polaritons
(red). (b) Basic properties of a 2D polariton: wavelength λp, field-amplitude decay distance ∼ λp/(2pi) outside the film, and
symmetry of in- and out-of-plane electric field components. (c) Dispersion relation of the plasmon modes supported by a thin
metallic layer (solid curves) calculated in the quasistatic limit and compared with the wavelength obtained in the zero-thickness
limit (dashed curves). The latter is obtained by condensing the film permittivity m into a 2D conductivity (see main text).
The upper horizontal axis gives the ratio ω/ωbulk corresponding to a Drude permittivity m(ω) = 1−ω2bulk/ω(ω+ i/τ) for large
relaxation time τ and 1 = 1. (d) Universal reflection-factor residue Rp (Eq. (3)) for finite thickness under the conditions of
(c) (see main text). The plots in (c,d) only depend on the permittivity contrast 1/2, for which several values are considered
(see legend in (c)).
In order to estimate the ability of small scatterers to
couple light into SPs, we consider a point scatterer placed
right on top of the film in the upper medium of permittiv-
ity 1 (see Fig. 1b). We describe the scatterer through an
effective polarizability tensor α(ω), which permits writ-
ing the dipole induced in the scatterer in response to an
external electric field Eext as p = α·Eext . The field scat-
tered by this dipole contains components of momentum
overlapping the SP dispersion relation, which originate
from the pole in Eq. (3) (i.e., k‖ = kp), and indeed,
are the only ones surviving at distant in-plane regions.
Specifically, for large in-plane distance R from the dipole
(i.e., |kpR|  1) the field in medium 1 (z > 0) reduces
to (see Appendix A)
Escat = EscatR (Rˆ + izˆ)
ekp(iR−z)√
kpR
, (4)
where
EscatRˆ =
√
2pi e−ipi/4 Rp
1
k3p (ip‖ · Rˆ + pz)
and p‖ = (px, py). Equation 4 has a similar spatial de-
pendence as Eq. (1), with xˆ replaced by the unit radial
vector Rˆ, and further incorporating a 1/
√
R decay that
guarantees energy conservation for 2D circular waves.
We seek to quantify the strength of coupling from in-
cident light to SP modes by calculating the cross sec-
tion defined by the ratio of power P scat carried by the
scattered surface modes to the incident light intensity√
1 c|Eext|2/(2pi). The former can be evaluated by com-
puting the Poynting vector for a circularly scattered wave
(Eq. (4)), which requires going beyond the quasistatic
limit. Instead, we use a computationally simpler, yet
rigorous alternative argument based on the decay rate of
the induced dipole, which leads to (see Appendix B)
P scat = |Rp|
1
(2pi)4ω
λ3p
(|p‖|2/2 + |pz|2) (5)
and agrees with the computation based on the Poynting
vector method (see detailed calculation in Appendix J).
This expression is dominated by surface polaritons aris-
ing from the pole of rp (see Appendix A). Now, express-
4Geometry Scheme λp/d Rp
2D Film
(zero-thickness)
dà0 !1!2s
d
!1
!2!m
!z!xd !1!2
4pi2σ/(i¯ ωd) 1/¯
Thin Film
dà0 !1!2s
d
!1
!2!m
!z!xd !1!2
4pi
(
log
[
(1−m)(2−m)
(1+m)(2+m)
])−1
λp
pid
(−m1)
2m−21
Anisotropic Film
dà0 !1!2s
d
!1
!2!m
!z!xd !1!2 4pi√ xz
(
log
[
(1−m)(2−m)
(1+m)(2+m)
])−1
λp
pid
(−z1)
xz−21
TABLE I: Wavelength λp and reflection residue Rp (Eq. (3)) for SPs in different types of films (see Appendix F). For the
2D film we define ¯ = (1 + 2)/2. For the anisotropic film we define m =
√
xz and take all square roots to yield positive
imaginary parts.
ing the dipole moment in terms of the polarizability, we
find that the point scatterer offers a photon-to-polariton
(in-)coupling cross-section
σin−couppoint [area] =
|Rp|

3/2
1
(2pi)6
λ3pλ0
×
{
A− cos2θ |αx|2/2 +A+ sin2θ |αz|2, (p-polarized light)
A0|αx|2/2, (s-polarized light) (6)
where θ is the incidence angle relative to the film normal,
we assume the polarizability to be diagonal in the xyz
frame with in- and out-of-plane components αx = αy
and αz, respectively, and the correction factors
A± = |1± rp|2, (7a)
A0 = |1 + rs|2 (7b)
are introduced to account for the interaction with inci-
dent light reflected by the film, as obtained by using the
Fresnel coefficients rs and rp for s and p polarization (see
Appendix F). The cross section in Eq. (6) has units of
area, so it can be interpreted as the portion of incident
light plane wave that is effectively converted into SPs.
We can proceed in a similar way to calculate the cross
section σscatpoint offered by the scatterer toward an imping-
ing SP wave (see Eq. (1)) as the ratio P scat/Ip, where
Ip is the power flux carried by the SP plane wave (i.e.,
the power per unit of transversal length along y). We
compute this flux by comparing Eq. (5) to the angular
integral of the intensity associated with the scattered SP
field (Eq. (4)), which leads to (see Appendix C)
Ip =
1
|Rp|
ωλ2p
(2pi)3 |E0|
2
. (8)
We now express the induced dipole as p = E0(αxxˆ+iαz zˆ)
in Eq. (5), as determined by the incident plane wave (Eq.
(1)), leading to the scattering cross-section
σscatpoint[length] =
|Rp|2
21
(2pi)7
λ5p
(
|αx|2/2 + |αz|2
)
, (9)
which has units of length and represents the portion of
the incident SP that is scattered into directions other
than the incident one. Additionally, we find it useful to
obtain the extinction cross-section for the incident SP
σextpoint[length] =
|Rp|
1
16pi3
λ2p
Im{αx + αz}, (10)
5which results from the surface-integrated total (i.e., inci-
dent+scattered) power flux along the forward-scattering
direction (see Appendix D).
Incidentally, the above results can be trivially gen-
eralized to include a finite distance z0 from the scat-
terer to the film by just multiplying the polarizability
by e−2piz0/λp and also correcting the coefficients Aν=±,0.
The effect of film thickness and material composition is
captured both in Rp and in the frequency dependence of
the λp/d ratio. For a homogeneous film of nearly lossless
metallic permittivity m (i.e., Re{m} < 0 and Im{m} 
|m|), the SPs are plasmon polaritons characterized by
(see Appendix F and Table IIA)
λp/d = 4pi/ log
[
(1 − m)(2 − m)
(1 + m)(2 + m)
]
(11)
and
Rp = λp
pid
(−m1)
2m − 21
, (12)
which we plot in Fig. 1c,d for selected values of the per-
mittivity contrast 2/1. Reassuringly, we recover the
zero-thickness limit (d → 0) by taking |m| → ∞ while
keeping md finite, which leads to λp/d → −pim/¯ from
Eq. (11), and consequently Rp → 1/¯ (see Fig. 1d). Ta-
ble IIA also shows results for λp andRp corresponding to
anisotropic films (see Appendix F), which directly apply
to SPs in hyperbolic media [8].
C. Optical Theorem and Fundamental Limits for
Polariton Scattering
Powerful constraints are imposed on the polarizat-
iblities of the scatterer from the fact that extinction
is produced by both elastic scattering (i.e., a change
in the propagation direction of the incident polari-
ton) and inelastic absorption, so we must have σext ≥
σscat. Using Eqs. (9) and (10), this condition becomes
Im{αx + αz}/(|αx|2 + 2|αz|2) ≥ 4pi4|Rp|/(1 λ3p), but in
fact, separate conditions for in- and out-of-plane polariz-
ability components can be extracted by considering two
counter-propagating incident polariton waves with the
same intensity, but with relative phases such that ei-
ther the in- or the out-of-plane electric field component
vanishes at the position of the scatterer. The induced
dipole along the remaining non-vanishing component is
increased by a factor of 2 relative to single-plane-wave
incidence, leading to a 4-fold increase in the intensity of
the elastically scattered component, also accompanied by
a 2-fold increase in the extinction of each of the two inci-
dent waves. Putting these elements together, we find the
conditions
Im
{−1
αx
}
≥ 4pi
4|Rp|
1 λ3p
,
Im
{−1
αz
}
≥ 8pi
4|Rp|
1 λ3p
,
where Rp is defined in Eq. (3) and explicitly calculated
for a metallic film in Eq. (12). These expressions, which
constitute the optical theorem for 2D SPs, have the gen-
eral form
Im {−1/αi} ≥ 1/µi, (13)
with µi just differing by a factor of 2 between in- (i = x,
µx = 1λ3p/(4pi4|Rp|)) and out-of-plane (i = z, µz =
1λ
3
p/(8pi4|Rp|)) polarization components. Equation
(13) can be recast as (Re {αi})2 + (Im {αi} − µi/2)2 ≤
(µi/2)2, which clearly reveals that the possible values
of αi lie within a circle or radius µi/2 centered around
αi = iµi/2 in the complex plane, as shown in Fig. 2a.
We conclude that the modulus of the polarizability and
its imaginary part are both simultaneously maximized if
Re{αi} = 0 and Im{αi} = µi, corresponding to the top
point of the circle represented in that figure. Direct ap-
plication of these results to a scatterer with polarization
either parallel or perpendicular with respect to the film
leads to the relation
max{|αz|} = 12max{|αx|} =
1λ
3
p
8pi4|Rp| . (14)
The maximum achievable polarizabilty is thus larger for
the in-plane component (max{|αx|} > max{|αz|}), a re-
sult that we relate to its poorer coupling to SPs; indeed, a
Lorentzian excitation in the scatterer decays more slowly
to SPs for in-plane polarization, so it can have longer
lifetime τ , and consequently, also larger on-resonance po-
larizability ∝ τ . Additionally, for scatterers with the
strongest possible polarizability αi = iµi, we find
max
{
σscatpoint
}
= max
{
σextpoint
}
= 2λp
pi
×
{
2, for x polarization
1, for z polarization (15)
depending on the orientation of the scatterer polariza-
tion. Remarkably, this result is universal, independent of
thickness and dielectric properties of the film, and valid
even when retardation is taken into consideration (see
Appendix L).
The difference between extinction and scattering repre-
sents absorption by the scatterer. For polarization only
along one direction i = x or z, the absorption cross-
section σabspoint = σextpoint − σscatpoint is thus the difference of
two terms linear in Im{αi} and |αi|2, respectively, so it
admits a maximum as a function of the polarizability
determined by ∂σabspoint/∂αi = 0. This condition is triv-
ially satisfied for Re{αi} = 0 and Im{αi} = µi/2, which
leads to max
{
σabspoint
}
= max
{
σextpoint
}
/4. Interestingly,
this value of the polarizability produces the same cross-
section for scattering and absorption, satisfying what is
known as the critical-coupling condition.
We find it interesting to present the extinction, scat-
tering, and absorption cross-sections normalized to the
maximum extinction σmax ≡ max
{
σextpoint
}
as functions
6(a) (b)
FIG. 2: Fundamental limits to the polarizability and scattering cross-sections. (a) The complex values of the polarizability are
constrained to the shaded circle, whose diameter µi depends on the specific component: µz = 1λ3p/(8pi4|Rp|) for αz and twice
that value for αx. (b) Variation of the extinction, scattering, and absorption cross-sections associated with the interaction of
a polariton wave with a small scatterer as a function of the imaginary part of the scatterer polarizability. The horizontal axis
is normalized to the maximum polarizability, whereas the vertical axis is normalized to the maximum extinction cross-section.
of the normalized imaginary part of the polarizability
ζ = Im{αi}/µi, as shown in Fig. 2b. Obviously, ex-
tinction corresponds to the straight line σextpoint/σmax =
ζ. Also, for each value of ζ the minimum scattering
and correspondingly the maximum absorption are ob-
tained when Re{αi} = 0, leading to the limiting values
σscatpoint/σmax = ζ2 and σabspoint/σmax = ζ − ζ2, respectively
(see solid curves in Fig. 2b). However, Re{αi} can take
nonzero values, only limited by the condition that αi lies
within the circle of Fig. 2a, so by sweeping this param-
eter we obtain the colored regions presented in Fig. 2b
for the possible ranges of scattering and absorption cross-
sections.
Incidentally, we have verified that Fig. 2b remains valid
even when including retardation (see Appendix L), so it
can be regarded as a universal result, provided the ex-
tinction and scattering cross-sections are proportional to
Im{αi} and |αi|2, respectively, and the particle polariz-
ability satisfies an optical-theorem constrain of the form
given by Eq. (13). This is for example the case of a parti-
cle in free space, for which the optical theorem is equally
given by Eq. (13) with µi = 3λ30/(16pi3) [30].
D. Limits to Light-Polariton Coupling
Inserting the maximum values of the polarizability ob-
tained in the previous section (Eq. (14)) into Eq. (6), we
find the maximum normal-incidence photon-to-polariton
coupling cross-section
max
{
σin−couppoint
}
= 2
√
1A0
pi2|Rp|
λ3p
λ0
. (16)
This result imposes a severe reduction in the possible
coupling of incident photons to polaritons when we com-
pare it to the minimum focal spot in tightly-focused light
beams (see Fig. 3a).
We find it useful to estimate the maximum coupling
efficiency by computing the ratio of polaritons produced
per incident photon, Npolariton/Nphoton. This quantity
must be equal to the ratio of SP-scattered to incident
powers P scat/P beam. However, the former is propor-
tional to the light intensity at the position of the scat-
terer, which obviously depends on the angular profile
of the light beam. We consider two relevant configu-
rations for light focusing: a standard diffraction-limited
Gaussian beam [31] and an optimally-focused beam that
maximizes the intensity at the spot center, for which we
find a ratio of focal-spot intensity to beam power given
by |Ex|2/P beam = g k2√1/c with g = 0.4646 and 2/3,
respectively (see Appendix G), where we ignore reflec-
tion at the film surface for simplicity. Now, we eval-
uate P scat using Eq. (5), where we consider an inci-
dent beam with electric field along x in the focal spot
(i.e., |px| =
√
A0 |αxEx| and py = pz = 0). Using the
maximum in-plane polarizability (Eq. (14)), we find for
the normal-incidence coupling efficiency the fundamental
limit
Npolariton
Nphoton
= 4g
3/2
1 A0
pi|Rp|
(
λp
λ0
)3
. (17)
Because of the wide interest driven by plasmon polaritons
in graphene, we now apply Eq. (17) to these excitations,
whose wavelength depends on the doping Fermi energy
EF as λp/λ0 = (2α/¯)EF/~ω [9]. In this material, we
can safely apply the zero-thickness limit (Rp = 1/¯)
and neglect beam reflection (A0 = |1 + rs|2 = 1) to find
Nplasmon
Nphoton
∣∣∣∣
graphene
= α3 32g
√
1
pi¯2
(
EF
~ω
)3
,
which becomes of the order of α3 ∼ 10−6 for ~ω ∼ EF.
This result is plotted in Fig. 3b for both Gaussian and
optimally-focused beams, showing a dramatic boost in
7(b)(a)
FIG. 3: Maximum photon-to-polariton coupling efficiency. (a) Schematic illustration of a tightly-focused external light beam
interacting with a point defect. The red circle represents the beam spot (area ∼ λ20), while the green circle is the coupling
cross-section (∼ λ3p/λ0). (b) Maximum number of plasmons generated per incident photon Nplasmon/Nphoton for coupling to
point (orange curves) or line (purple curves) defects in graphene as a function of photon energy normalized to the doping Fermi
energy EF. We consider beams with either Gaussian (solid curves) or optimally-focused (dashed curves) profiles.
efficiency as the photon energy is reduced relative to
EF, reaching a value Nplasmon/Nphoton ≈ 0.26% for self-
standing graphene (1 = 2 = 1) at ~ω = 0.1EF.
The polariton-to-photon (out-)coupling efficiency is
also an important magnitude that we can work out
from the above results using the reciprocity theorem,
or alternatively, by integrating the far-field Poynting
vector generated by the scatterer upon SP irradiation
(i.e., √1(2pi)4c|p|2/(3λ40) for upper-hemisphere emis-
sion). Dividing this result by the SP power flux Ip (Eq.
(8)), noticing that p = E0(αxxˆ+ iαz zˆ) is the dipole pro-
duced upon SP plane wave irradiation, and neglecting
again surface reflection for simplicity, we find an associ-
ated cross-section
σout−couppoint [length] =
|Rp|
3√1
(2pi)6
λ2pλ
3
0
(
|αx|2 + |αz|2
)
,
and from here, using Eq. (14), a maximum out-coupling
efficiency
max
{
σout−couppoint
}
= 4
3/2
1
3pi2|Rp|
λ4p
λ30
is obtained for a scatterer with in-plane polarization and
1/4 times this value for out-of-plane orientation.
E. Coupling through a Line Defect
Line defects offer a way of generating polariton plane
waves and constitute interesting elements to control
polariton propagation. Scattering by line defects in
graphene has been considered following semi-analytical
methods [32, 33]. Here, we can obtain limits to polari-
ton coupling and scattering by line defects by represent-
ing them as a chain of closely spaced dipoles, for which
we can use the results obtained in the preceding para-
graphs. We thus define the polarizability and dipole den-
sities A = α/L and ~P = p/L for a line defect extending
along y by normalizing to the defect length L. Assuming
incident light or SP fields under normal incidence with
respect to y for the sake of concreteness, the scattered
field is easily obtained by integrating Eq. (4) along y in
the |kpx|  1 limit, which produces an electric field like
Eq. (1) with E0 replaced by
Escatline =
8pi3Rp
1λ2p
(iPx + Pz) (18)
(see Appendix E). Obviously, polarization along y does
not couple to SPs propagating along x.
For SP incidence (see Eq. (1)), the dipoles take the
form Px = AxE0 and Pz = iAzE0, which upon in-
sertion into the scattered field permit us to obtain the
reflection and transmission coefficients of the line scat-
terer, r = Escatline /E0 = i [8pi3Rp/(1λ2p)] (Ax +Az) and
t = 1 + r, respectively. We can now obtain limits to
the line polarizability by imposing the condition of non-
negative absorption 1 − |t|2 − |r|2 ≥ 0, which results in
Im{Ax +Az}/(|Ax + Az|2) ≥ 8pi3|Rp|/(1λ2p). Arguing
again that we can superimpose two counter-propagating
SPs that cancel either the x or z field component, we
obtain two individual conditions for the polarizabilities
Ai expressed by Eq. (13) with
max{|Ai|} = µi = 1λ2p/(8pi3|Rp|). (19)
We note that this condition is the same for both i = x
and i = z.
Incidentally, a maximum possible absorption of 50% is
achieved for r = −1/2, which implies Re{Ax +Az} = 0
and Im{Ax +Az} = µi/2. This condition is compatible
with the optical theorem just derived for the line scatterer
(i.e., Im{Ai} ≤ µi). Additionally, we find |r| ≤ 1, with
8the equality being reached if the polarizability takes the
maximum possible value Ai = iµi.
The photon-to-polariton coupling cross-section is now
given as the ratio of the SP scattered power P scat
to the incident light intensity. Using Eq. (8) with
E0 substituted by Escatline , we find P scat = 2 ×
[L1ωλ2p/(8pi3|Rp|)] |Escatline |2, where the leading factor of
2 accounts for the fact that the line scatters SPs toward
either side of it. Considering normal incidence for sim-
plicity, normalizing to the line length L, and noting that
|Escatline | = |Eext| when Escatline (Eq. (18)) is evaluated for
the maximum possible polarizability (Eq. (19)), we find
max
{
σin−coupline
}
[length] =
√
1
pi|Rp|
λ2p
λ0
.
for the maximum possible in-coupling cross-section.
We can also convert the above result into a photon-to-
polariton conversion efficiency by invoking the relation
|Ex|2L/P beam = g k/c between the electric field intensity
at the focus and the beam power per unit length L for
Gaussian (g = 0.1887) and optimally-focused (g = 1/4)
line beams (see Appendix G) using the same procedure
as for point scatterers. We find Npolariton/Nphoton =
[(g1/(pi|Rp|)] (λp/λ0)2. For graphene plasmons, this ra-
tio becomes
Nplasmon
Nphoton
∣∣∣∣
graphene
= α2 4g
pi¯
(
EF
~ω
)2
,
which is of the order of α2 ∼ 10−4 for ~ω ∼ EF, but
can be boosted at low frequencies as shown in Fig. 3b.
Comparing the valueNplasmon/Nphoton ≈ 0.16% obtained
from this expression for ~ω = 0.1EF in self-standing
graphene with 0.26% for point scatterers (see above), line
scatterers are less efficient per photon at the energy un-
der consideration and become even comparatively worse
as the ratio ~ω/EF is reduced.
Out-coupling from polaritons to photons is also limited
by the optical theorem, leading to a maximum conversion
fraction Nphoton/Npolariton = [1/(4|Rp|)] (λp/λ0)2, as
obtained by normalizing the upward power flux radiated
by the line of induced dipoles (2pi3ω/λ20) |P|2 (see Ap-
pendix E) to the SP plane wave power flux (Eq. (8)), as-
suming the maximum possible polarizabilities |Ai| = µi.
We note that this fraction has the same order of mag-
nitude and wavelength scaling ∼ (λp/λ0)2 as the in-
coupling fraction for a tightly-focused light beam.
F. Coupling through a Linear Edge
The linear edge of a film constitutes a special case
of line scatterer. In the zero-thickness limit for a self-
sustained semi-infinite film, using the notation of Eq.
(1), the polariton amplitude has been shown to satisfy
the relation E0 =
√
2Eext relative to a normally inci-
dent light field Eext [34]. Converting this relation to a
photon-to-polariton cross-section (with units of length,
as it is normalized to the edge length L) and using Eq.
(8), we find σin−coupedge = λ2p/(piλ0), which coincides with
max
{
σin−coupline
}
(with parameter 1 = 2 = 1 and Rp = 1
appropriate for a self-standing thin film), indicating that
the edge is already attaining the maximum possible cou-
pling efficiency, with all of the generated polaritons ob-
viously directed only along one direction away from the
edge.
G. Optimization of Light-SP Coupling through
Scatterer-Film Separation
An interesting observation comes from the fact that
the point scattering efficiency depends on the separation
z0 between the scatterer and the film surface through an
exponential factor e−kpz0 ≈ e−2piz0/λp in the SP field. In
particular, the scatterer dipole induced by an incident SP
plane wave then becomes p = e−2piz0/λp E0(αxxˆ+ iαz zˆ).
Repeating the analysis of the preceding sections with this
factor in mind, we find the proportionalities σextpoint ∝
e−4piz0/λp Im{α} and σscatpoint ∝ e−8piz0/λp |α|2, and conse-
quently, the optical theorem arising from σextpoint ≥ σscatpoint
leads to max{α} ∝ e4piz0/λp , which produces maximum
possible extinction and scattering cross-sections indepen-
dent of z0, while max
{
σin−couppoint
}
∝ e−4piz0/λp |α|2 ∝
e4piz0/λp increases exponentially with the separation z0.
Consequently, a finite z0 allows us to enhance the light-
polariton coupling efficiency without affecting polariton-
polariton processes.
This result for the maximum possible in-coupling cross-
section is however conditioned to finding particles that
can actually reach the predicted limit of max{α}. As
we show below, an optimum distance can be found when
considering a realistic model for the scatterer polarizabil-
ity. In practice, actual scatterers (e.g., nanoparticles or
molecules placed close to the film, or even protrusions
and corrugations) present additional intrinsic loss chan-
nels, which limit the exponential increase with z0 just
predicted for σin−couppoint . In order to illustrate this point,
we consider a particle hosting a spectrally-isolated res-
onance. As shown in Appendix H, the particle polar-
izability including its interaction with the film can be
approximated as
α = p
2
0/~
ω˜0 − ω − i(γin + γhomo + γfilm)/2 , (20)
where p0 is an effective excitation dipole moment, ω˜0
is the resonance frequency after accounting for the shift
produced by image interaction with the film, and the γ
terms describe decay rates associated with different chan-
nels, namely, internal inelastic decay (γin), decay into ra-
diation in the homogeneous 1 host medium (γhomo), and
coupling to the film dominated by SPs (γfilm). The latter
9admits the expression (see Appendix B)
γfilm = γ0film e−4piz0/λp , (21)
with
γ0film =
|Rp|
1
(2pi)4
~λ3p
(|p0‖|2/2 + |p0z|2),
which combined with Eq. (20), and neglecting γhomo as
a radiative correction, allows us to write the maximum
polarizability (achieved at the resonance frequency ω =
ω˜0) as
max{|αz|} = 12max{|αx|}
=
1λ
3
p
8pi4|Rp|
1
(1 + γin/γfilm)
e4piz0/λp . (22)
This result constitutes a generalization of Eq. (14), with
which it coincides for non-lossy particles (γin = 0) and
z0 = 0. Incidentally, in spite of the fact that our methods
are based on classical electrodynamics, a factor 1/~ shows
up in γfilm, which arises when following the semiclassical
prescription of dividing the dipole-emitted power by the
photon energy ~ω in order to convert it into a rate.
The above analysis allows us to address the opti-
mum choice of z0 needed to maximize the in-coupling
cross-section, which has an explicit distance dependence
given by σin−couppoint ∝ ξ|α|2 ∝ ξ (1 + ξ γin/γ0film)−2, where
ξ = e4piz0/λp . This expression features a maximum as
a function of ξ at ξ = γ0film/γin, or equivalently, z0 =
[λp/(4pi)] log(γ0film/γin), under the condition γ0film > γin,
with an increase in σin−couppoint by a factor ∼ γ0film/(4γin)
relative to the touching configuration (z0 = 0).
As an example of a realistic scenario, we note that
gold and silver disk-like nanoparticles of reduced size
(< 100nm diameter) can already produce γ0film  γin for
a plasmon wavelength λp = 200 nm at visible frequen-
cies (see Appendix H and L); these particles are there-
fore small compared with λp (i.e., they act as dipolar
scatterers), but large enough as to undergo strong cou-
pling to SPs, greatly exceeding the rate of internal inelas-
tic decay. In this respect, silver is a better option than
gold because ~γin is ∼ 3 times smaller [35] (21meV com-
pared with 71meV). High-index dielectric particles offer
another alternative, as they can sustain Mie resonances
with γin = 0, so that coupling to SPs is limited by the ra-
diative decay rate γhomo, which plays the same role as γin
in the above analysis. Ignoring for simplicity the mod-
ification produced in γhomo by the presence of the film,
we can approximate it as γhomo = 4f2
√
1ω
3p20/(3~c3)
(i.e., the emission rate from a p0 dipole oscillating at
frequency ω in a homogeneous 1 dielectric material
[36], where f is a local-field correction factor discussed
in Appendix I), from which we find an increase in in-
coupling cross-section for in-plane polarization by a fac-
tor γ0film/(4γhomo) = [3pi|Rp|/(16f23/21 )] (λ0/λp)3. Mul-
tiplying this result by Eq. (16), and assuming f ≈ 1
and A0 ≈ 1 for clarity, we obtain max
{
σin−coupparticle
}
≈
3λ20/(8pi1), which remarkably coincides with the maxi-
mum absorption cross-section of a dipolar scatterer in-
side a medium of permittivity 1 (incidentally this is
in turn a factor of 4 smaller than the maximum pos-
sible extinction cross-section of a lossless dipolar scat-
terer). We conclude that, in combination with tightly
focused light beams, suitably chosen noble-metal and di-
electric nanoparticles can be used to increase the photon-
polariton in-coupling efficiency to unity order. Addition-
ally, resonant molecules placed in a transparent host and
held at cryogenic temperatures have been shown to per-
form as reasonably strong two-level systems [37], thus
suggesting a possible realization of lossless scatterers for
optimum light-SP in-coupling efficiency.
III. CONCLUDING REMARKS
The analytical limits to the polarizability of point and
line scatterers formulated above (see summary in Table
IIG) impose a severe restriction on the ability of small
elements to couple light and polaritons. These quantities
have a smooth dependence on the dielectric environment,
including a correction factor |Rp| that we plot in Fig. 4
for plasmons in thin silver films and hyperbolic phonon
polaritons in hBN.
The combination of these scatterers with other ele-
ments can boost coupling by enhancing the field intensity
to which they are exposed. This is the case of metal-
lic tips, which are extensively used in scanning near-
field optical microscopy to yield spectrally-filtered im-
ages of polaritons and their interactions with structured
films [28, 41–43]. Indeed, roughly modeling the tip as a
perfect-conductor ellipsoid, the intensity enhancement at
the tip apex scales as (1+AR)2 with its aspect ratio (AR
=length/diameter, typically  1), a factor that must be
multiplied by σin−couppoint to produce the actual in-coupling
cross-section in this configuration. Our results also im-
pose severe restrictions on in-plane polariton optics. Re-
markably, the maximum extinction and scattering cross-
sections of small scatterers are ∼ λp, independent of film
thickness and dielectric environment.
As a viable alternative, our calculations support the
use of resonant nanoparticles placed at an optimum dis-
tance from the film in order to boost the in-coupling ef-
ficiency, which for an optimally designed scatterer could
reach a coupling conversion fraction Nphoton/Npolariton ∼
1 for nearly lossless particles. This specific proposal
should be readily attainable with currently available
nanofabrication technology, either using lithographycally
patterned high-index resonators or colloids deposited on
the targeted SP-supporting film.
Alternative methods to excite SPs in thin films appear
at a disadvantage compared with this proposal. In par-
ticular, one could use photoluminescent particles (e.g.,
quantum dots), which couple preferentially to SPs rather
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Magnitude = (C/|Rp|)× S Wavelength Scaling S Prefactor C
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nt
Sc
at
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r max{|αz|} λ3p 1/(8pi4)
max{σin−couppoint } λ2p(λp/λ0) 2
√
1A0/pi
2
max{σout−couppoint } λp(λp/λ0)3 43/21 /(3pi2)
Npolariton/Nphoton (λp/λ0)3 4g3/21 /pi
Li
ne
Sc
at
te
re
r max{|Az|} λ2p 1/(8pi3)
max{σin−coupline } λp(λp/λ0)
√
1/pi
Npolariton/Nphoton (λp/λ0)2 g1/pi
TABLE II: Compilation of wavelength scalings for several relevant coupling magnitudes.
(a) (b)
(c) (d)
FIG. 4: Film parameters for noble metals and hBN. We show the film-material dielectric functions (a,b), the correction factor
|Rp| (c,d), and the λp/d ratio (insets to (c,d)) for gold and silver (a,c), and hBN (b,d). The latter is plotted for self-standing
films over the two narrow mid-infrared spectral ranges exhibiting hyperbolic behavior (Re{x}Re{z} < 0). Noble metal films
in (a,c) are considered to be fully embedded in silicon, silica, or air (see legend in (c)). We take the dielectric functions of hBN
[38], silica [39], and silicon [40] from tabulated experimental data, while we use the Drude-like Eq. (H5) for gold and silver.
than radiation when placed near a SP-supporting film
(i.e., γfilm  γhomo); however, the emitted SPs are in-
coherent relative to the light used for primary excita-
tion, in contrast to the SP field produced by the elastic
scattering here investigated; additionally, the excitation
cross-section needed to produce photoluminescence can
be strongly reduced by broadening of the targeted ini-
tial particle transition due to interaction with the film,
thus resulting in a much poorer photon-to-SP coupling
efficiency.
In brief, our results provide some basic tools to un-
derstand and quantify light-polariton coupling and in-
plane polariton scattering in 2D materials, while they
allow us to explore optimum coupling geometries, such
as the resonant particle proposed above. An extension
to include retardation becomes necessary when the po-
lariton wavelength is not much smaller than the light
wavelength, for which we essentially follow the same an-
alytical procedure as above (see Appendix M for more
details). However, the degree of confinement is reduced
in this regime, characterized by loosely bound SP modes
that are less amenable to the applications discussed in the
introduction. Multipolar scatterers constitute another
useful extension, for which we expect higher bounds to
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the light-polariton coupling, increasing with the multipo-
lar order [44]; indeed, these elements should couple less
efficienty (and therefore decay more slowly) to polari-
tons, and consequently, their SP-limited width should
be smaller, translating into higher bounds to the cross
sections under investigation. The combination of several
point or line scatterers provides a practical recipe to pro-
duce multipolar scatterers, and we anticipate that such
arrays could indeed reach larger light-polariton coupling
by exploiting lattice resonances at the in-plane polariton
wavelength [45].
APPENDIX
Appendix A: Scattered SP Field Produced by a
Point Dipole near a SP-Supporting Film
The electric field produced by a dipole p placed at r′
inside a homogeneous medium of permittivity 1 reduces
in the quasistatic limit to Ehomo = −∇φhomo, where [30]
φhomo = 1
1
(p · ∇′) 1|r− r′|
= 1
1
p · ∇′
∫
d2k‖
2pik‖
eik‖·(R−R
′)−k‖|z−z′|, (A1)
is the electrostatic potential, we use the notation r =
(R, z) with R = (x, y), and the rightmost expression
stems from the 2D momentum representation of the
Coulomb potential. In the presence of a planar inter-
face at z = 0, we find it useful to relate the reflected field
to the Fresnel coefficient for p polarization rp(k‖, ω). For
this purpose, we consider a p-polarized electromagnetic
plane wave [46] (k‖kz1 + k2‖zˆ) eik‖·R−ikz1z incident from
z > 0 and its reflection rp (−k‖kz1 + k2‖zˆ) eik‖·R+ikz1z.
In the quasistatic limit (c → ∞), we have kz1 =√
1ω2/c− k2‖ → ik‖, which permits us to write the sum
of incident and reflected fields as −∇φ in terms of a po-
tential φ = −k‖ (ek‖z−rpe−k‖z) eik‖·R. We conclude that
each component eik‖·(R−R′)+k‖(z−z′) in the incident po-
tential of the dipole (Eq. (A1)) generates a reflected po-
tential −rp eik‖·(R−R′)−k‖(z+z′). Performing this substi-
tution in Eq. (A1), we find the reflected potential in the
z > 0 region
φref = −1
1
(p · ∇′)
∫
d2k‖
2pik‖
eik‖·(R−R
′)−k‖(z+z′) rp
= 1
1
(p‖ · ∇R − pz ∂z)
∫
d2k‖
2pik‖
eik‖·R−k‖(z+z0) rp,
(A2)
where the second line is obtained by first making the
replacement ∇′ → −∇R + zˆ ∂z and then specifying the
dipole position at r′ = (0, 0, z0). We now argue that SPs
are signaled by a divergence of rp at k‖ = kp, so we use
Eq. (3) to work out the k‖ integral analytically, leaving us
with a dimensionless factor Rp that is a smooth function
of k‖ and can be approximated by its value at k‖ = kp
(see Eq. (3)). Indeed, any k‖-independent term in rp
contributes as ∝ 1/|r− r′| to the integral in Eq. (A2), or
equivalently, an electric field that decays as ∼ 1/R3 at
large in-plane distances R; as we are interested in surface
modes with slower decay ∼ 1/√R, such terms can be
dismissed, and we further argue that any divergence-free
term in rp will contribute negligibly at large distances.
Integration over the angle of k‖ in Eq. (A2) produces a
Bessel function J0(k‖R) that in the |kpR|  1 limit leads
to the asymptotic approximation [47]∫
d2k‖
2pik‖
eik‖·R−k‖(z+z0) rp
≈ Rpkp
∫ ∞
0
dk‖
k‖ − kp
e−k‖(z+z0)√
2pik‖R
[
ei(k‖R−pi/4)+e−i(k‖R−pi/4)
]
,
to which only non-resonant terms ∝ 1/r3 are incorpo-
rated by extending the range of integration down to −∞
and replacing
√
k2‖ + 0+ for k‖ in e−k‖z; then, by closing
the contour in the upper (for the eik‖R term) or lower (for
e−ik‖R) complex plane in k‖, and neglecting non-resonant
contributions from branching points, the rp pole (in the
upper plane because Im{kp} > 0) is found to contribute
only through the outward wave as∫
d2k‖
2pik‖
eik‖·R−k‖(z+z0) rp
≈ iRpkp
√
2pi
kpR
ekp(iR−z−z0)−ipi/4.
Finally, using this expression in Eq. (A2), performing the
spatial derivatives via the substitution ∇ = ikpRˆ (i.e.,
neglecting terms that decay faster than 1/
√
R), taking
z0 = 0, and multiplying by −∇ = −ikp(Rˆ + izˆ) to com-
pute the scattered electric field from the potential, we
readily obtain Eq. (4). We note that for finite dipole-
film separation z0 the field carries an additional factor
e−kpz0 .
Appendix B: Scattered SP Power Produced by a
Point Dipole
Neglecting inelastic losses in the film, the power car-
ried by the scattered SP field must be equal to P scat =
~ωΓfilm, where Γfilm is the dipole decay rate. In a homo-
geneous dielectric, the decay rate (Γhomo ∝ 1/c3) is dom-
inated by coupling to radiation and vanishes in the qua-
sistatic limit under consideration, but in the vicinity of
a film the reflected field provides a nonzero contribution
arising from coupling to SPs. More precisely, we have
[36] Γfilm = (2/~)Im{p∗ · Eref}, where Eref = −∇φref is
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evaluated at the position of the dipole r = r′ = (0, 0, z0).
Using Eq. (A2) for φref with r = r′ = 0, we find [48]
Γfilm =
2
1~
(|p‖|2/2 + |pz|2) ∫ ∞
0
k2‖ dk‖ e−2k‖z0 Im{rp}.
(B1)
Approximating rp by the pole contribution of the domi-
nant SP (plasmon-pole approximation, see Eq. (3)), and
noting that in the limit of negligible inelastic losses kp
must have an infinitesimal positive imaginary part, we
find Im{rp} ≈ pi|Rp|kpδ(k‖ − kp), which upon insertion
into Eq. (B1) and multiplication by ~ω directly yields
P scat = 2pi|Rp|
1
e−2kpz0 ωk3p
(|p‖|2/2 + |pz|2) , (B2)
and from here, with kp ≈ 2pi/λp and z0 = 0, we obtain
Eq. (5).
Appendix C: Power Flux Associated with a SP
Plane Wave
We intend to find the power flux Ip carried by a SP
plane wave (see Eq. (1)), defined as the propagated power
per unit of transversal length. Obviously, this quantity
must be proportional to |E0|2; we can derive a general
expression for it that applies to any type of film by con-
sidering the field scattered by a dipole (Eq. (4)), approxi-
mating the circular SP wavefront as a plane wave for each
direction R in the |kpR|  1 limit, and integrating over
in-plane scattering directions. More precisely, we have
P scat = Ip
∫
Rdϕ
1
|kpR|
∣∣EscatRˆ /E0∣∣2 ,
where Rdϕ is the element of transversal length in the
circular wavefront and we replace the PW intensity |E0|2
by the scattered field intensity |Escat|2 (cf. Eqs. (1) and
(4)). Inserting Eq. (4) in this expression, we find
P scat =
(
2pi|Rp|
1
)2
Ip
|E0|2 k
5
p
(|p‖|2/2 + |pz|2),
and comparison with Eq. (B2) finally yields Ip =
1ω|E0|2/(2pi|Rp|k2p), and from here Eq. (8) with kp ≈
2pi/λp.
Appendix D: Surface-Polariton Extinction
Cross-Section
We obtain the extinction cross-section for an incident
SP plane wave (Eq. (1)) by integrating the total SP field
intensity for large |kpR| near the forward scattering direc-
tion. In fact, we only need to consider the out-of-plane
field component right outside the film, as the in-plane
component has the same intensity and is just −pi/2 out
of phase, while the z dependence is common for incident
and scattered waves. The integrated field intensity is
then given by
∫
dy
∣∣∣∣∣E0eikpx + EscatRˆ eikpR√kpR
∣∣∣∣∣
2
.
The square of the E0 term in this expression is inde-
pendent of y (the in-plane coordinate transversal to the
propagation direction x), and therefore, it produces a
contribution L|E0|2 proportional to the lateral beam size
L. The square of the second term was considered above,
integrated over scattering directions Rˆ to yield the scat-
tered power; however, near the forward direction, this
term has a 1/R dependence that makes it vanish in the
|kpR|  1 limit. The remaining interference term can be
understood as the portion of incident beam that is ex-
tincted by interaction with the scatterer; when normal-
ized to |E0|2, it should give a negative length that is sub-
tracted from the L contribution of the direct beam, and
consequently, it represents an extinction cross-section
with units of length, which we thus write as
σextpoint = −2 Re
{∫
dy
EscatRˆ
E0
eikp(R−x)√
kpR
}
.
Noticing that the exponential term in this integral
produces fast sign cancellations in the far-field limit
(|kpR|  1) unless R ≈ x, we can approximate R − x ≈
y2/2x in the exponent, as well as R ≈ x and Rˆ ≈ xˆ in
the rest of the expression. Additionally, we set the dipole
induced by the incident SP plane wave (see Eq. (1)) as
p = E0(αxxˆ+ iαz zˆ), which permits writing (see Eq. (4))
σextpoint =
2
1
Im
{
e−ipi/4Rp k3p (αx + αz)
∫
dy
√
2pi
kpx
eikpy
2/2x
}
.
With the change of variable θ = y
√
kp/(2x), we are left
with the integral [49]
∫
dθ exp(iθ2) =
√
pi eipi/4, so the
above expression directly leads to Eq. (10), where we
approximate Rp ≈ |Rp| and kp ≈ 2pi/λp under the as-
sumption of negligible film-material losses. Incidentally,
for finite scattered-film separation z0, the above expres-
sion is simply corrected by a factor e−kpz0 .
Appendix E: Scattered SP and Light Fields
Produced by a Line Scatterer
Each dipole element in a line scatterer extending along
y contributes to the SP field −∇φref with a potential φref
given by Eq. (A2), in which ~Pdy′ (the dipole element
along the line) must be substituted for p. The total field
produced by the entire line of dipole elements is then
obtained by integrating over y′, which produces δ(ky)
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and directly leads to
Escat = 1
1
(p · ∇′)∇
∫
dkx
|kx| e
ikx(x−x′)−|kx|(z+z′) rp.
(E1)
In the spirit of the plasmon-pole approximation (Eq. (3)),
we write rp ≈ 2Rp|kx|kp/(k2x − k2p), which is invariant
under sign changes of kx and has the same pole structure
as Eq. (3). Using this in Eq. (E1) and integrating in
the complex plane for kx, we find the scattered field to
reduce to a plane wave like Eq. (1) with E0 replaced by
Escatline = [8pi3Rp/(1λ2p)] (iPx + Pz).
A similar analysis can be carried out for the upward
light emission from the line of dipoles, each of them
contributing with a field proportional to k2[ ~P − (∇ ·
~P)∇]eik1r/r, where k = ω/c and k1 = k√1. Inte-
grating over y, this expression yields a field k2[ ~P − (∇ ·
~P)∇]eik1R+ipi/4√2pi/(k1R), where R = √x2 + z2. Fi-
nally, integrating the Poynting vector resulting from this
field over the upper hemisphere of emission directions, we
finally get a radiated power (2pi3ω/λ20)L |P|2, which we
use in the main text to calculate the polariton-to-photon
coupling efficiency by a line scatterer.
Appendix F: Polariton Dispersion Relation and
Reflection Coefficients
A thin film of finite thickness with low-loss metal-
lic permittivity (i.e., Re{m} < 0 and Im{m} 
−Re{m}) supports plasmons, the dispersion relation
of which is determined by the Fabry-Perot condition
1 − rp,m1rp,m2 e2ikzmd = 0, where rp,mj = (jkzm −
mkzj)/(jkzm + mkzj) is the Fresnel coefficient for re-
flection of p waves at the planar interface formed by
the metal and the surrounding medium j, while kzj =√
k2j − k2‖ is the normal light wave vector in medium
j. We are interested in the λp  λ0 limit, so we
neglect retardation, which allows us to write rp,mj ≈
(j − m)/(j + m) and kzj ≈ ik‖, and from here the
plasmon dispersion relation reduces to
kp =
1
2d log
[
(1 − m)(2 − m)
(1 + m)(2 + m)
]
,
which is recast in terms of the polariton wavelength in
Eq. (11) and reduces to Eq. (2) in the zero-thickness
limit (d → 0, |m| → ∞, md → 4piiσ/ω). The reflec-
tion residue Rp is obtained from the Fresnel reflection
coefficient of the film from medium 1
rp = rp,1m +
tp,1mtp,m1rp,m2e2ikzmd
1− rp,m1rp,m2e2ikzmd , (F1)
where tp,mj = 2
√
jmkzm/(jkzm + mkzj) ≈
2√jm/(j + m) and tp,jm = (kzj/kzm)tp,mj ≈
2√jm/(j + m) are the in and out transmission coeffi-
cients at the jm interface. We then substitute rp,m1rp,m2
by e−2ikzmd evaluated at k‖ = kp (i.e., the noted Fabry-
Perot condition for the SP mode), and expand everything
to first order in k‖ − kp to produce the result shown in
Eq. (12) and Table IIA.
For completeness, we note that the film reflection co-
efficient for s polarization is given by Eq. (F1) with p
replaced by s, rs,mj = (kzm − kzj)/(kzm + kzj), ts,mj =
2kzm/(kzm+kzj), and ts,jm = 2kzj/(kzm+kzj), and in the
quasistatic limit we have rs,mj ≈ 0 and ts,mj , ts,jm ≈ 1.
For anisotropic films characterized by permittivities
x = y and z for in- and out-of-plane polarization, re-
spectively, the above results need to be amended by (1)
replacing m by x and (2) taking kzm =
√
(k2 − k2‖/z)x
for p polarization and kzm =
√
k2x − k2‖ for s polariza-
tion. An analysis similar to the homogeneous metallic
film leads to the expressions for λp and Rp given in Ta-
ble IIA.
Appendix G: Maximum Field Produced by a
Focused Light Beam
In order to quantify the maximum photon-to-polariton
conversion efficiency, we first need to determine the ra-
tio |Ex|2/P beam between the light intensity acting on
the scatterer and the power P beam carried by the fo-
cused beam. We take the beam to be in a homoge-
neous medium of permittivity 1 and consider a point
scatterer at the focal point with in-plane polarization
along x. The beam can be constructed as the super-
position of plane waves of polarization σ (=s, p), par-
allel wave vector k‖, and unit polarization vector eˆ1+k‖σ,
with amplitudes ak‖σ such that the focal electric field
reduces to E =
∑
σ
∫
k‖<k1
d2k‖ak‖σeˆ1+k‖σ, where k1 =
k
√
1 and k = ω/c. Also, the beam power is readily
obtained by integrating the associated Poynting vector
over a plane perpendicular to the beam, which yields
P beam = [c√1/(2pi)]
∑
σ
∫
k‖<k1
d2k‖
∣∣ak‖σ∣∣2. A Gaus-
sian beam corresponds to the choice of coefficients [31]
ak‖σ = xˆ · eˆ1+k‖σ
√
kz1/k1 e−βk
2
‖/k
2
, where β controls the
degree of focusing. The field is maximized for β = 0,
which produces a ratio |Ex|2/P beam ≈ 0.4646 k2√1/c.
However, this is not the optimum solution that yields
the maximum possible value of the ratio under consid-
eration. Direct application of the Lagrange multiplier
method yields the optimum choice ak‖s ∝ −kyk1/(k‖kz1)
and ak‖p ∝ kx/k‖, which upon insertion in the above in-
tegrals yields |Ex|2/P beam = (2/3)k2√1/c.
Incidentally, a similar procedure can be followed to in-
clude the effect of reflection by the film, simply by mul-
tiplying the coefficients ak‖σ in the expression for Ex by
either 1 + rs or 1− rp for σ = s or p polarization, respec-
tively, which involves materials and thickness-dependent
reflection coefficients rσ. For simplicity, we ignore this
effect in our calculations of the |Ex|2/P beam ratio.
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We now repeat the above procedure for a line scatterer
with translational invariance along y by considering only
p waves with parallel wave vectors k‖ ‖ xˆ. The ratio of
the focal-spot intensity to the beam power now becomes
|Ex|2L/P beam = 0.1887 k/c and |Ex|2L/P beam = k/4c
for Gaussian and optimally-focused beams, where L is
the normalization scatterer length along y.
Appendix H: Effective Polarizability of a Particle
near a Film
The 3× 3 polarizability tensor of a particle character-
ized by a resonance frequency ω0 can be approximated
as [50]
αpart =
~−1 p0 ⊗ p0
ω0 − ω − i(γin + γhomo)/2 (H1)
when placed in a homogeneous environment in the ab-
sence of the film, where p0 acts as an effective resonance
transition dipole and we have split the decay rate into
two components, namely, γin for intrinsic inelastic pro-
cesses and γhomo = 4f2
√
1ω
3p20/(3~c3) for coupling to
radiation in the surrounding 1 material [36] (see discus-
sion on the local-field correction factor f below). The
dipole induced on the particle in response to an exter-
nal electric field Eext is simply given by p = αpartEext.
This expression holds even when the particle is near a
film surface, provided we substitute Eext by the sum of
incident and surface-reflected fields. The latter consists
of the reflection of both the incident field and the field
that is self-consistently generated by the dipole. We seek
to obtain an effective polarizability for the particle in
the presence of the film, defined in accordance with the
convention used in the main text, in such as way that
it gives the induced dipole when multiplied by the sum
of incident and specularly reflected fields (i.e., the re-
flection of the field produced by the induced dipole is
already included in the polarizability). We denote this
field sum as Einc (incidentally, the coefficients defined in
Eq. (7) is meant to compensate precisely for the differ-
ence between Eext and Einc), and write the self-consistent
dipole as p = α(Einc +G ·p), where G ·p is the additional
surface-reflected component produced by the dipole and
acting back on itself, which is obviously proportional to
p through a 3× 3 matrix G. The effective polarizability
tensor that relates p to Einc then reduces to
α = 1
α−1part −G
. (H2)
We readily obtain G from the surface reflection of the
dipole field −∇φref (see Eq. (A2)), which leads to
G = G
1/2 0 00 1/2 0
0 0 1

with
G = 1
1
∫ ∞
0
k2‖ dk‖ rp e−2k‖z0 .
Now, introducing Eq. (H1) into Eq. (H2) and assum-
ing p0 to be oriented either parallel or perpendicular
to the film, the effective polarizability can be rewrit-
ten as shown in Eq. (20), where the resonance frequency
ω˜0 = ω0 − ~−1Re{G}
(|p0‖|2/2 + |p0z|2) is shifted due
to the dipole image potential captured in Re{G}, while
γfilm = 2~−1 Im{G}
(|p0‖|2/2 + |p0z|2) coincides with
decay rate discussed in Eq. (B1), here specified for a
dipole strength p0 (i.e., the effective particle excita-
tion dipole, rather than the field-induced dipole). Us-
ing again the plasmon-pole approximation for rp (i.e.,
assuming a negligibly small imaginary part of kp and
writing Im{rp} ≈ piRpkpδ(k‖−kp) from Eq. (3)), we ob-
tain the result given in Eq. (21) of the main text, which
coincides with P scat/(~ω) for z0 = 0 (see Eq. (5), with
p0 substituted for p). At resonance (ω = ω˜0), we readily
find from Eq. (20) a maximum purely imaginary effective
polarizability
max{|α|} = 2
~
p20 (γin + γhomo + γfilm)−1. (H3)
In what follows, we neglect radiative decay under the as-
sumption that it is small compared with intrinsic losses
(i.e., γhomo  γfilm). Reassuringly, from Eqs. (21) and
(H3) we recover the limit of Eq. (14) in the absence of
intrinsic losses (γin = 0), while for lossy particles we ob-
tain Eq. (22) (see main text), which predicts a maximum
polarizability reduced by a factor 1/(1+γin/γfilm); if cou-
pling to SPs in the film is large compared to intrinsic in-
elastic decay (i.e., γfilm  γin), the particle behaves as a
lossless scatterer. We are therefore interested in studying
the fraction γfilm/γin in a realistic scenario.
We focus on metal nanoparticles hosting a spectrally-
isolated plasmon resonance j at a light wavelength that
is sufficiently large compared with the particle size as
to neglect retardation effects. The particle polarizabil-
ity (for clarity, we discuss a scalar component along the
polarization direction) then reduces to [51]
α = 14pi
Vj
(m/1 − 1)−1 − (εj − 1)−1 , (H4)
where m is the metal permittivity, while Vj and εj are
a volume and (real) permittivity eigenvalue associated
with the specific mode j. We now consider a plasmonic
metal described through a permittivity
m = b − ω
2
bulk
ω(ω + iγin)
, (H5)
where b (taken as 1 in Fig. 1 for simplicity) is intro-
duced to account for inner-shell electron polarization
(e.g., b = 9.5 and 4.0 in gold and silver, respectively).
The other two parameters can be approximated as [35]
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~ωbulk = 9.06 eV and ~γin = 71meV (~ωbulk = 9.17 eV
and ~γin = 21meV) in gold (silver). Upon insertion
of this permittivity into Eq. (H4), we find a polariz-
ability given by Eq. (H1) with a resonance frequency
ω0 = ωbulk/
√
b − 1εj and an effective excitation dipole
p0 =
1(1− εj)
b − 1εj
√
~ω0Vj
8pi . (H6)
In the derivation of this result, we have neglected a
frequency-independent term that is usually small com-
pared with the plasmon contribution. The sum of Vj
for all modes j is known to be equal to the parti-
cle volume V [51], but we consider for simplicity an
oblate ellipsoid with rotational axis along z and po-
larization along its diameter; then, the particle only
hosts one dipolar mode j, the parameters of which are
[52] Vj = V and εj ≡ ε = 1 − 1/L < −1, where
L = (r2/2)∆−3
[
pi/2− arctan(1/∆)−∆/r2] is the de-
polarization factor, r > 1 is the diameter-to-height as-
pect ratio, and ∆ =
√
r2 − 1. We are now prepared to
evaluate γfilm/γin with the help of Eq. (H6), which leads
to γfilm/γin = F (Rp/1)e−4piz0/λp for p0 oriented paral-
lel to the film (i.e., with the rotation axis of the prolate
ellipsoid normal to the film and polarization along the
diameter), where we have defined the prefactor
F = 8pi
4p20
~γinλ3p
= pi
321(1− ε)2
(b − 1ε)2
ω0
γin
V
λ3p
, (H7)
while the rest of the factors ((Rp/1)e−4piz0/λp) have
unity order for z0  λp and we have approximated
ω0 ≈ ω˜0. Applying this expression to gold oblate ellip-
soids of 100 nm diameter and 20 nm height (i.e., r = 5),
embedded in an 1 = 2 medium, and coupled to film po-
laritons of wavelength λp = 200nm, we find ~ω0 = 1.9 eV
and F = 5 (for silver, we obtain ~ω0 = 2.1 eV and
F = 32), thus establishing γfilm  γin, so that inter-
nal inelastic losses play a relatively small role and the
maximum possible polarizability derived in the present
work can be indeed approached. Numerical results are
presented in the Appendix L for gold and silver spheres
and disks, further supporting this conclusion for a wide
range of attainable geometrical parameters.
Appendix I: Correction Factor f
When calculating the emission rate of a point dipole
oscillating at frequency ω through the evaluation of the
generated Poynting vector, the result varies depending
on whether the surrounding 1 material is either (i) fully
overlapping the dipole or (ii) just extending outside an
empty cavity of vanishingly small size. When the dipole
is associated with an excited state of an atom or molecule,
model ii should be used, as the 1 material does not
penetrate inside the interstitial regions of the emitter;
for an embedding spherical cavity, direct integration of
the outgoing Poynting vector over a surface right outside
it reveals an emission rate identical to that of model i,
but multiplied by the so-called spherical-local-field cor-
rection factor[53] f2, where f = 3/(1 + 2). This cor-
rection remains unchanged even in the presence of addi-
tional neighboring structures (e.g., a film). For the metal
nanoparticles under consideration, this correction is au-
tomatically included in the effective excitation dipole p0
(see Eq. (H1)), so model i should be applied and no cor-
recting factor is needed (i.e., f = 1).
Appendix J: Poynting-Vector-Based Calculation of
the Scattered Power
In this section, we provide an alternative derivation of
Eq. (5) of the main text based on the Poynting vector,
for which we perform fully electrodynamic calculations
because we need the magnetic field that otherwise van-
ishes in the quasistatic limit. We focus on the system
depicted in Figure 1b, with a dipole p placed right above
the z = 0 planar interface that separates regions of per-
mittivities 1 and m. For reference, we divide space into
the three regions I, II, and III defined by the conditions
z > 0, −d < z < 0, and z < −d, and filled with materials
of permittivities 1, m, and 2, respectively.
The electric field produced by a dipole p placed at
r′ = (0, 0, z′) in a homogeneous medium of permittivity
1 can be written as [45]
Ehomo = 1
1
[
k21p+ (p ·∇)∇
]eik1|r−r′|
|r− r′|
= i2pi1
∫
d2k‖
kz1
[
k21p−(p · k±1 )k±1
]
ei(k‖·R+kz1|z−z
′|),
(J1)
where R = xxˆ + yyˆ, k = ω/c, k1 = k
√
1, kz1 =
(k21 − k2‖)1/2, k‖ = kxxˆ + kyyˆ, k±1 = k‖ ± kz1zˆ, the +
and − sign must be chosen for z > z′ and z < z′, re-
spectively, and the square roots are taken to yield a pos-
itive imaginary part. Noticing that the unit vector kˆ±1 ≡
k±1 /k1 together with the s and p polarization vectors
eˆs = (−kyxˆ+ kxyˆ)/k‖ and eˆ±p1 = (±kz1k‖ − k2‖zˆ)/(k1k‖)
form a complete set of orthonormal vectors, so that
kˆ±1 ⊗ kˆ±1 + eˆs⊗ eˆs + eˆ±p1⊗ eˆ±p1 is the 3×3 identity matrix,
we can rewrite Eq. (J1) as
Ehomo = ik
2
2pi
∫
d2k‖
kz1
[
(p · eˆs) eˆs + (p · eˆ±p1) eˆ±p1
]·
·ei(k‖·R+kz1|z−z′|).
From this expression, the magnetic field can be obtained
via Ampere’s law (i.e., H = ∇×E/(ik)), which by mak-
ing the replacement ∇ → ik±1 inside the integral and
using the identities kˆ±1 × eˆs = −eˆ±p1 and kˆ±1 × eˆ±p1 = eˆs,
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leads to
Hhomo = ik
2√1
2pi
∫
d2k‖
kz1
[−(p · eˆs) eˆ±p1 + (p · eˆ±p1) eˆs]·
·ei(k‖·R+kz1|z−z′|).
As we are interested in obtained the reflected field pro-
duced by the dipole in region I, we consider waves mov-
ing downward from the dipole position at r′ (i.e., eˆ−
vectors), multiply them by the corresponding reflection
coefficients rs and rp for s and p polarization, and reverse
their orientation toward the upward direction (i.e., eˆ+).
Further taking the dipole position z′ → 0+ immediately
above the interface, this procedure leads to the reflected
fields
ErefI =
ik2
2pi
∫
d2k‖
kz1
[
rs (p · eˆs) eˆs + rp (p · eˆ−p1) eˆ+p1
]
ei(k‖·R+kz1z), (J2a)
HrefI =
ik2√1
2pi
∫
d2k‖
kz1
[−rs (p · eˆs) eˆ+p1 + rp (p · eˆ−p1) eˆs]ei(k‖·R+kz1z). (J2b)
P (k‖)
∫
dϕk‖ P (k‖) exp(ik‖ ·R)
1 2piJ0
kx 2ipik‖ cosϕJ1
ky 2ipik‖ sinϕJ1
k2x pik
2
‖(cos2 ϕ(−J2 + J0) + sin2 ϕ(J2 + J0))
kxky −2pik2‖ cosϕ sinϕJ2
k2y pik
2
‖(cos2 ϕ(J2 + J0) + sin2 ϕ(−J2 + J0))
TABLE III: Azimuthal integrals needed to evaluate Eq. (J2)
for different polynomials P (k‖). We use azimuthal coordi-
nates k‖ = (k‖, ϕk‖) and R = (R,ϕ), as well as the abbrevi-
ation Jm ≡ Jm(k‖R). Reproduced from Ref. [36].
We aim to study surface-polariton modes supported
by the film in region II, and specifically, we concen-
trate on modes signaled by the poles of rp, which in-
clude plasmons in thin films. Incidentally, a similar study
could be carried out for the poles of rs, which describe
for example some of the guided modes in sufficiently-
thick or sufficiently-high-refractive-index planar waveg-
uides. Consequently, we dismiss rs terms in the present
study and approximate rp ≈ Rpkp/(k‖ − kp) (Eq. (3)
in the main text), where kp is the in-plane wave vec-
tor of the mode under consideration. We first pro-
ceed by carrying out the integral over the azimuthal
angle of k‖ with the help of the expressions compiled
in Table III. This integration generates Bessel functions
Jn(k‖R), which have the asymptotic behavior Jn(k‖R) ≈
(2pik‖R)−1/2[ei(k‖R−pi/4−npi/2)+e−i(k‖R−pi/4−npi/2)] in the
|k‖R|  1 limit. For the remaining radial integral, we
proceed in a similar way as explained in the above Ap-
pendix sections: the contribution to the field associated
with the mode at k‖ = kp is dominated by the pole in rp;
we then extend the integral down to k‖ = −∞ and inte-
grate in the complex k‖ plane by closing contours in the
upper and lower half-planes for the terms ∝ eik‖R and
∝ e−ik‖R, respectively; finally, noticing that Im{kp} > 0,
only the first of these terms is found to make a contribu-
tion to the resulting scattered field, which becomes
EscatI ≈
√
2pie−ipi/4Rp
1
ekp(iR−z/Ω)√
kpR
k3p
Ω
(
ip‖ ·Rˆ+Ωpz
)
(Rˆ+iΩzˆ), (J3a)
HscatI ≈
√
2pie−3ipi/4Rp e
kp(iR−z/Ω)√
kpR
kk2p
(
ip‖ ·Rˆ+Ωpz
)
ϕˆ, (J3b)
where Ω = ikp/
√
k21 − k2p fully captures the effect of re-
tardation. Indeed, one has Ω = 1 in the quasistatic limit,
and in particular, Eq. (J3a) then reduces to Eq. (4) of
the main text. In what follows we adopt this limit, but
still retain an overall factor of k in the expressions for
the magnetic field (Eq. (J3b)).
We now proceed in a similar way to obtain the fields
in regions II and III, just be replacing the polarization
vectors with those propagating in the corresponding me-
dia, and by making use of the self-consistent transmission
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and reflection coefficients of the involved interfaces (see
Section K). After some lengthy but straightforward al-
gebra, the resulting scattered fields associated with the
mode under consideration reduce to
EscatII =
√
2pie−ipi/4 1√
1m
eikpR√
kpR
k3p
(
ip‖ · Rˆ + pz
){
B+p e−kp(z+d)(Rˆ + izˆ)− B−p ekpz(Rˆ − izˆ)
}
,
HscatII = −i
√
2pie−ipi/4
√
m
1
eikpR√
kpR
kk2p
[
B+p e−kp(z+d) + B−p ekpz
](
ip‖ · Rˆ + pz
)
ϕˆ,
EscatIII = −
√
2pie−ipi/4 Tp√
12
ekp(iR+z+d)√
kpR
k3p
(
ip‖ · Rˆ + pz
)
(Rˆ − izˆ),
HscatIII = −i
√
2pie−ipi/4
√
2
1
Tp e
kp(iR+z+d)√
kpR
kk2p
(
ip‖ · Rˆ + pz
)
ϕˆ,
where the dimensionless coefficients Tp and B±p are im-
plicitly defined as the residues in tp ≈ Tpkp/(k‖ − kp)
and β±p ≈ B±p kp/(k‖ − kp), which are good approxima-
tions to the coefficients tp and β±p (Eqs. (K1b) and (K2)
in Section K) near the mode pole k‖ = kp.
We are now prepared to calculate the time-averaged
Poynting vector 〈Sscat〉 = [c/(2pi)]Re {Escat × (Hscat)∗}.
Assuming that kp is approximately real, the radial com-
ponent is found to be
〈
SscatI · Rˆ
〉
=
ωk4p
1R
|Rp|2e−2kpz
(
ip‖ ·Rˆ+pz
)
,〈
SscatII · Rˆ
〉
=
ωk4p
1R
∣∣∣B+p e−kp(z+d) + B−p ekpz∣∣∣2(ip‖ ·Rˆ+pz),〈
SscatIII · Rˆ
〉
=
ωk4p
1R
|Tp|2e2kp(z+d)
(
ip‖ ·Rˆ+pz
)
.
It should be noted that, although the magnetic field is
proportional to k and thus vanishes in the quasistatic
limit, the Poynting vector introduces a factor of c, ren-
dering a finite product kc = ω. Finally, we obtain the
power scattered by the dipole by integrating over the sur-
face of a cylinder or large radius R centered at the dipole
and oriented perpendicularly to the film:
P scat =
∫ ∞
−∞
dz
∫ 2pi
0
Rdϕ
〈
Sscat · Rˆ
〉
= piωk3p
Λ
1
(|p‖|2/2 + |pz|2),
where Λ = |Rp|2 + |Tp|2 + 2e−kpd[kpd(B+p (B−p )∗ +
B−p (B+p )∗) + sinh(kpd)(|B+p |2 + |B−p |2)]. When explicitly
working out Rp, Tp, B±p (Eq. (K3)) and kp (Eq. (11) in
the main text), this expression reduces to Λ = 2|Rp|,
thus recovering Eq. (5) of the main text for the power
scattered by the dipole into surface polaritons.
Appendix K: Fresnel Coefficients
The calculations presented above involve the Fresnel
coefficients of the film, which one can calculate in a
Fabry-Perot model from the reflection and transmission
coefficients rν,ij and tν,ij for polarization ν =s,p and in-
cidence from each medium i on the interface with each
of its surrounding media j. We consider homogeneous,
isotropic media i = 1, m, and 2 in regions I, II, and III,
respectively, where the central (film) region has thickness
d. The reflection and transmission coefficients of the film
for incidence from the top medium 1 then reduce to
rν = rν,1m +
tν,1mrν,m2tν,m1e2ikzmd
1− rν,m2rν,m1e2ikzmd , (K1a)
tν =
tν,1mtν,m2eikzmd
1− rν,m2rν,m1e2ikzmd , (K1b)
where kzm is the light wave vector in medium m. In the
central region m, the field can be described as a super-
position of waves propagating upward and downward:
β+ν =
tν,1mrν,m2eikzmd
1− rν,m2rν,m1e2ikzmd , (K2a)
β−ν =
tν,1m
1− rν,m2rν,m1e2ikzmd . (K2b)
Near a polariton mode of in-plane wave vector kp, these
coefficients exhibit a divergence that we isolate to ob-
tain the fields scattered by a dipole (Section J). More
precisely, for the structure depicted in Figure 1b of the
main text, we find
rp ≡ Rp kp
k‖ − kp ,
β±p ≡ B±p
kp
k‖ − kp ,
tp ≡ Tp kp
k‖ − kp ,
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where
Rp = 1
kpd
(
21m
21 − 2m
)
, (K3a)
Tp = 1
kpd
[ 2√1m√m2
(1 + m)(m + 2)
]
e−kpd, (K3b)
B−p =
1
kpd
( √
1m
1 + m
)
, (K3c)
B+p =
1
kpd
( √
1m
1 − m
)
ekpd. (K3d)
Appendix L: Influence of Size and Shape of the
Scatterer
In the main text, we consider point-like scatterers. In
this section, we discuss the validity of this approxima-
tion when the scatterers are taken to be metallic parti-
cles of finite size. In particular, we study spheres and
disks made of either gold or silver, which we simulate
numerically using the boundary element method (BEM)
[54]. A summary of the results is presented in Figure 5.
In particular, Figure 5(a,d,g,j) show the imaginary part
of the effective polarizability normalized to the particle
volume (solid curves), as obtained by dividing the extinc-
tion cross-section by 8pi2/(λ0
√
1). We now concentrate
on the lowest-energy plasmon feature of each spectrum
and analyze it by approximating the polarizability as
α = p
2
0/~
ω0 − ω − iγ/2 (L1)
(similar to Eq. (20) in the main text), where p0, ω0, and
γ are fitting parameters. This leads to the Lorentzian
profiles represented in Figure 5(a,d,g,j) as dashed curves.
Given the relatively small size of the particles compared
with the resonance light wavelength, retardation does
not play a major role, so plasmons show a nearly size-
independent frequency and width, although the latter
exhibits a rapid increase for silver (gold) spheres of di-
ameter D above ∼ 30nm (50 nm) due to radiative losses.
Remarkably, we find an optimum size for the spheres,
near the onset of radiative losses, for which the peak po-
larizability reaches ∼ 25% of the maximum possible value
for a dipolar scatterer (Figure 5e, see caption). Addition-
ally, for silver disks the peak polarizability reaches 30%
of the maximum possible value (Figure 5k). We are ulti-
mately interested in the parameter F (see Appendix H),
which reaches values ∼ 35 for silver spheres of 100 nm di-
ameter coupling to 200 nm plasmons, and slightly lower
values for gold spheres (Figure 5f). In contrast, disks ex-
hibit much lower values of F, in consonance with their
smaller volume.
Appendix M: Results with Retardation
The results presented in the main text are obtained
within the quasistatic limit (c→∞). A straightforward
extension of the derivations presented in the previous sec-
tions shows that the main results of the paper can be eas-
ily corrected to include retardation by just using a single
correction factor
Ω ≡ ikp
kz1
according to the the summary presented in Table M.
Specifically, the result σmax ∝ 2λp/pi is maintained, in-
dependent of the dielectric and geometrical properties of
the film even when retardation is included. Likewise, we
also recover the results
σextpoint
σmax
= αi
µi
,
σscatpoint
σmax
=
(
αi
µi
)2
,
indicating that Figure 2b of the main text is a universal
result. A plot of Ω as a function of √1k/kp (Figure 6a)
shows that the quasistatic limit is an excellent approx-
imation as long as k . 0.1kp. This is for example the
case in 4 nm silver and gold films above 1.5 eV plasmon
energy (Figure 6b).
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FIG. 5: Size-dependence analysis of the polarizability of metallic spheres (a-f) and 10-nm-high disks (g-l). (a,d,g,j) Spectral
variation of the polarizability (solid curves) for particles made of (a,g) gold and (d,j) silver, along with Lorentzian fits (Eq. (L1),
dashed curves) of the lowest-energy resonance (ω = ω0). (b,h) Variation of the resonance position ω0 (left axis, solid curves)
and width γ (right axis, dashed curves) extracted from the Lorentzian fits in (a,d,g,j). (e,k) Resonant value of the polarizability
(Im{α(ω0)}) as a function of particle diameter D. We normalize the polarizability either to the volume of the particles (left
axis, solid curves) or to the maximum polarizability of a lossless two-level scatterer αmax = 3λ30/(16pi3
√
1) (right axis, dashed
curves). (c,i) Effective dipole moment p0 extracted from the Lorentzian fits. (f,l) Dimensionless prefactor F defined in Eq. (H7),
assuming a polariton wavelength λp = 200 nm. The metals are described using a Drude-like model m = b−ω2bulk/[ω(ω+ iγ)]
with parameters b = 9.5, ~ωbulk = 9.06 eV, and ~γ = 71meV for gold; and b = 4.0, ~ωbulk = 9.17 eV, and ~γ = 21meV for
silver.
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TABLE IV: Summary of results in the main text (quasistatic limit) and their generalization to include retardation (rigorous
corrections in red), where we have defined the parameter Ω ≡ ikp/kz1 (= 1 in the quasistatic limit) with kz1 =
√
1ω2/c2 − k2p.
We have also defined Aθ− ≡ A− cos2(θ) and Aθ+ ≡ A+ sin2(θ), which are used in σin−couppoint .
(b)(a)
FIG. 6: (a) Retardation factor Ω = ikp/kz1 as a function of the ratio
√
1k/kp =
√
1λp/λ0. (b) Retardation factor for the
lowest-energy plasmons sustained by gold (solid curves) and silver (dashed curves) films of different thicknesses d embedded in
an  = 2 material. The inset shows the corresponding plasmon dispersion relations. The metals are described using the same
dielectric functions as in Figure 5.
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